Abstract. In this paper we apply a fractional differintegral operator to a class of analytic functions and derive certain new sufficient conditions for the starlikeness of this class of functions. The usefulness of the main results are depicted by deducing several interesting corollaries and relevances with some of the earlier results are also pointed out.
Introduction and definitions
Let H(U) represent a space of analytic functions in the open unit disk U = {z ∈ C : |z| < 1}, then for a ∈ C and n ∈ N, we let A n and H[a, n] denote, respectively, the subclasses of the class H(U) defined by (1.1) A n = f ∈ H(U); f (z) = z + a n+1 z n+1 + . . . , ; z ∈ U and (1.2) H[a, n] = {f ∈ H(U); f (z) = a + a n z n + a n+1 z n+1 + ... ; z ∈ U}, with A 1 = A. A function f ∈ A n is said to be in the class of starlike functions of order α (0 ≤ α < 1) in U, denoted by S * n (α), if
For α = 0, the class S * n (0) = S * n is the class of starlike functions in U. Let P(η) denote the class of functions f ∈ A n of the form (1.1) which satisfies the inequality
If f and g are two analytic in U, then we say that the function f (z) is subordinate to g(z) in U and write f (z) ≺ g(z) (z ∈ U), if there exists a Schwarz function w(z) (analytic in U with w(0) = 0, and |w(z)| < 1), such that f (z) = g(w(z)), z ∈ U. In particular, if the function g(z) is univalent in U, the above subordination is equivalent to f (0) = g(0) and f (U) ⊂ g(U).
We recall here the following definition of fractional calculus (that is fractional integral and fractional derivative of an arbitrary order) considered by Owa [8] (see also, Dziok [1] and Owa and Srivastava [11] ). Definition 1. The fractional integral of order λ (λ > 0) is defined for a function f (z) analytic in a simply-connected region of the complex plane containing the origin by
Main results
Before stating and proving our main results, we require the following lemmas. [2] ) Let h(z) be a convex (univalent) function in U with h(0) = a, and let the function φ ∈ H[a, n] and
Lemma 1. (Hallenbeck and Ruscheweyh
and ψ(z) is convex and is the best dominant.
and G(z) be analytic functions in the unit disk U and
Lemma 3. ( [6] ) Suppose that the function ψ :
The following result is a simple corollary of Lemma 1.
Lemma 4. (see also [4] ). Let β < 1. If the function p(z) is analytic in U with p(0) = 1 and
and the result is sharp.
Our first main result is contained in the following:
Theorem 1. Let n be a positive integer, −∞ < µ < 1, 0 ≤ λ < 1, 0 ≤ α < 1 and
where
and (for convenience sake), we put
then in view of (1.7), P (z) is of the form (1.2) and so is analytic in U with P (0) = 1. Differenting (2.4) and using the identity (1.8), we obtain
and using Lemma 1 (for γ = lm), we deduce that
By setting R = lmM/(lm + n), (2.6) can then be written as
and if we put where p(z) is of the form (1.2), then in view of (1.7), it is easy to observe that the function
is analytic (and has no poles) in the open unit disk U. Using (1.8), (2.4) and (2.5), we get
We now establish the starlikeness of Ω µ z f (z) by showing that ℜ(p(z)) > 0 for all z ∈ U. Suppose this is false, then since p(0) = 1, there exists a point z 0 ∈ U and a real number ρ such that p(z 0 ) = iρ. We proceed to show now that at such a point the opposite of the inequality (2.9) holds true which means that
for all real ρ. Following [7] , if we put
We observe that
and this implies that
If we let (2.12)
then (2.10) holds if F (ρ) ≥ 0 for any real ρ. The R.H.S of the inequality (2.12) contains a quadratic expression in ρ whose first coefficient is always positive, and hence the inequality F (ρ) ≥ 0 would hold if its discriminant (∆) is negative which yields that
The inequality (2.13) can be expressed as (2.14)
and by using (2.7) and (2.14), we get
and noting that the denominator in the exteme right-hand side of the above inequality is positive under the stated conditions with the theorem implies that ∆ ≤ 0. Elementary calculations reveal that on using the condition (2.13) in (2.12), the inequality F (ρ) ≥ 0 is not satisfied. This contradicts our assumption about (2.9). Thus, it follows that ℜ(p(z)) > 0, which in view of (2.8) is equivalent to
and hence Ω µ z f ∈ S * n (α). Putting µ = α in Theorem 1, we get
